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Abstract 

Classical and quantum mechanics for an extended Heisenberg alge- 
bra with canonical commutation relations for position and momentum 
coordinates are considered. In this approach additional noncommuta- 
tivity is removed from the algebra by linear transformation of phase 
space coordinates and transmitted to the Hamiltonian (Lagrangian) . 
This transformation does not change the quadratic form of Hamil- 
tonian (Lagrangian) and Feynman's path integral maintains its well- 
known exact expression for quadratic systems. The compact matrix 
formalism is presented and can be easily employed in particular cases. 
Some p-adic and adelic aspects of noncommutativity are also consid- 
ered. 
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1 Introduction 

Standard n-dimensional quantum mechanics (QM) is based on the Heisen- 
berg algebra 

[x a ,p b ] = ihS ab , [x a ,x b } = 0, [p a ,p b }=0, a,b = 1,2, • • • ,n, (1) 

for Hermitian operators of position x a and momentum p a coordinates in the 
Hilbert space. In the recent years there has been an intensive research of 
noncommutative quantum theory with an algebra 

[x a ,Pb] = ihSab, [x a ,x b ] = ih8 ab , [p a ,p 6 ] = 0, a,b = 1,2,- ■ ■ ,n, (2) 

where 9 ab are constant elements of a real antisymmetric (9 ab = —9 ab ) n x n- 
matrix 0. The initial considerations of noncommutativity (NC) (J2J) go back 
to the 1930's (see, e.g. [T]) but the real excitement began in the 1998 when 
spatial NC of the form [x a , x b ] = ih9 ab was observed in the low energy string 
theory with D-branes in a constant background B- field (see reviews j2], |S] 
and references therein). 

The NC (J2J) leads to extended uncertainty, i.e. 

h h 
Ax a Ap b > - 5 ab , Ax a Ax b > - \9 ab \, (3) 

which prevents from simultaneous accurate measuring not only x a and p a 
but also spatial coordinates x a and x b (a ^ b). To simplify exploration one 
often takes 9 ab = 9 e ab , where (e ab ) = S is the unit nx n antisymmetric matrix 
with e ab — +1 if a < b. Due to the uncertainty Ax a Ax b > | \9\, (a ^ b), 
a spatial point is not a well defined concept and the space becomes fuzzy at 
distances of the order ^Jh |#|, which may be much larger than the Planck or 
string length. 

The most attention in this subject has been paid to noncommutative 
field theory (for reviews, see e.g. [2] and Noncommutative quantum 

mechanics (NCQM) has been also actively explored. Namely, NCQM can 
be regarded as the corresponding one-particle nonrelativistic sector of non- 
commutative quantum field theory. It also provides study of NC on simple 
models and their potential experimental verification. 

Models of NCQM have been mainly investigated using the Schrodinger 
equation. The path integral method has attracted less attention, however 
for systems with quadratic Lagrangians a systematic investigation started 
recently ( see jl]-jHl and references therein). 

We consider here n-dimensional NCQM which is based on the following 
algebra 
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[x a , pi,] = ift(5 ab - -8 ac a cb ) , [x a , x b ] = ih9 ab , [p a , p b ] = ifta ab , (4) 

where (8 ab ) = and (a ab ) = £ are the antisymmetric matrices with constant 
elements. This kind of an extended noncommutativity maintains a symmetry 
between canonical variables and yields (j2J) in the limit a ab — > 0. The algebra 
(JU) allows simple reduction to the usual commutation relations 



[q a , h] = i ft Sab, [4a, 4b] = 0, [k a , k b ] = 0, (5) 

using the following phase space linear transformation: 

&ab k b „ f &ab4b /„n 

x a = q a — , Pa = k a + , (6) 

where summation over repeated indices is understood. It was shown recently 
[Hj that NC is suitable to study possible dynamical control of decoherence 
by applying perpendicular magnetic field to a charged particle in the plane. 
This property also gives possibility to observe NC. 

In this paper we present compact general formalism of NCQM for quadratic 
Lagrangians (Hamiltonians) with the (@J) form of the NC. The formalism de- 
veloped here is suitable for both Schrodinger and Feynman approaches to 
quantum evolution. There are now many papers on some concrete models in 
NCQM. However, to our best knowledge, there is no article on the evalua- 
tion of general quadratic Lagrangians (Hamiltonians). Especially, Feynman's 
path integral method to the NC has been almost ignored. Note that quadratic 
Lagrangians contain an important class of physical models, and that some of 
them are rather simple and exactly solvable (a free particle, a particle in a 
constant field, a harmonic oscillator). The obtained relations between coeffi- 
cients in commutative and noncommutative regimes give possibility to easily 
construct effective Hamiltonians and Lagrangians in the particular noncom- 
mutative cases. 

Sec. 2 is devoted to noncommutativity on real space and contains: matrix 
formalism, some expressions for quadratic Lagrangians and Hamiltonians as 
well as relations between them, Schrodinger equation and Feynman path 
integral. Some p-adic and adelic aspects of noncommutativity are presented 
in Sec. 3. In the last section we give a few concluding remarks. 



2 Noncommutativity on real phase space 

Matrix formalism. Let us introduce the following (matrix) formalism. 
If we put x T = (xi, x 2 , ■ ■ ■ , ■ ■ ■ , x n ) and p T = (pi,P2, • • • ,Pn) ( superscript 
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T denotes transposition), then all commutators between x a and p b we can 
rewrite in the following way: 



for P 



V 

x 



we put [P, P] 



\P,P] [P,£] 
[x,p] [x,x] 



(7) 



where [p,p], [p,x], [x,p], [x,x] are n x n matrices with entries given by 
([x,p]) ab = [x a ,pb\, and so on. Let us mention that \p,x] = — ([x,p\) T . 

We want to rewrite in this spirit the change of coordinates. Namely, if 
we have another coordinates of the same type, q T = (qi, q 2 , ■ ■ • , q n ) and 
k T = (ki, k^i ■ ■ ■ , k n ), and if a linear connection is defined by 



P = AK, i.e. 



p 






' k ' 


X 









(8) 



we want to find dependance of [P, P] on [K, K\. To do this, let us prove the 
following useful statement. 

Lemma 1. Let A be an arbitrary nx n matrix whose entries commute with 

the coordinates of q T = (qx, g 2 , • • • , q n ) an d k = (k\, k 2 , ■ ■ ■ , k n ). Then the 
following commutation relations hold 

(il) [Ae,r] = A [e,f] , (i2) [e,Ar] = [e,f] A T , 

where e,f 6 {q, k}. 

Proof. Let us prove (i2) for e = q and r = k. We have, 



q, Ak 



ab 



q a , Ak b 
q,k 



A ^ kc 



c=l 



^A bc q a ,k c \ =^2\q,k 



A 



cb 



c=l 



c=l 



A 



T 



The proof of all other relations is similar. 

Eqs. © and (0) can be rewritten in the compact form as 







P=~K, 

[k, k} = ih 



i |s 



K 



-/ 
/ 



(9) 
(10) 
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[P,P] = \SK t EK\=[ ' | 



and using Lemma 1, relations (5), and skew-symmetricity of E and G, we 
have 

[k + f q, k + f q] [k+~q,q—~h] 
[$-§fc,fc+|$] [q-*lk,q-<m 

since 

2«'^ + f 9l = [M] + + + 

E - E T E - E 

= 2& k ] + [M]"^ = -gift*] + =lhTj ' 

[q - ® k,k + | 5] = [q,k] - [® fc, fc] + [q, ~ g] - [® fc, ~ g] 
= K,fc]-|[A,g]^ = in(/-ieE) l 

Let us note that (fTT|) contains formulas (j3J) rewritten in the above matrix 
formalism. 

Quadratic Lagrangians and Hamiltonians. We start with general quadratic 
Lagrangian for an n-dimensional system with position coordinates, x T = 
(xi, x 2 , ■ • ■ , x n ), which has the form: 

L(X,t) = -X T MX + N T X + (p, (12) 
where 2n x In matrix M and 2n-dimensional vectors X, N are defined as 

M=(« T ^, X T = (x\x T ) } N T = (S T , V T ). (13) 

where coefficients of the n x n matrices a = ((1 + S a b) a a b(t)), 
(3 = (Pab(t)), 7 = ((1 + 5o&)7a&(*)), n-dimensional vectors 5 = (S a (t)), 
V — (Va(t)) and a scalar = (p(t) are some analytic functions of the time t. 
Matrices a and 7 are symmetric, a is nonsingular (det a^O). 
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Using p a = Jrp- one finds x = a 1 (p — (3 x — 5). Since the function x is linear 

in p and x, then by the Legendre transformation H (p, x,t) = p T x — L(x, x, t) 
classical Hamiltonian is also quadratic, i.e. 

H(P,t) = - P T M P + W T P + F, (14) 
where matrix Ai and vectors P, M are 

M=(£r%), P T = (p T ,x T ), Af T = (D T , E T ) , (15) 



and 



A = a~\ B = -a~ 1 f3, C = (3 T a" 1 (3 - 7, 

D = -cT 1 6, E = fJ T a- 1 5 - rj, F = ^6 T a~ x 8 - . ^ 

From the symmetry of matrices a and 7 follows that matrices A = ((1 + 
dab) Aab(t)) and C = ((1 + 5 a b) C ao {t)) are also symmetric (A T = A, C T = 
C). The nonsingular (deta 7^ 0) Lagrangian L(x,x,t) implies nonsingular 
(det^4 7^ 0) Hamiltonian H(p,x,t). Note that the inverse Legendre transfor- 
mation, i.e. H — > L, is given by the same relations (|16jl . 

One can show that 



M = ^ j T^{M)MT l {M), (17) 



i=l 



where 



;is) 



T 1 (M)=(^ 1 _J), T 2 (M)=(° 

and / is n x n unit matrix. One has also A/" = Y(M) N, where 
Y{M)=(- a a _\ _°A =-T 1 (M) + TnM)+zv / 2T 3 (M), (19) 
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and F = N T Z(M) N — <f>, where 

Z(M) = (l a ~ 1 °) = 1 -T 1 (M)-^=T 3 (M). (20) 

Using auxiliary matrices Ti(M), T 2 (M) and T 3 (M) in the above way, Hamil- 
tonian quantities Ai,Af and F are connected to the corresponding Lagrangian 
ones M, N and <f>. 

Since Hamiltonians depend on canonical variables, the transformation (jH)) 
leads to the transformation of Hamiltonian (fT^j) . By quantization the Hamil- 
tonian (fT4"j) easily becomes 

H(P,t) = - P T M P + Af T P + F, (21) 

because (|14j) is already written in the Weyl symmetric form. 
Performing linear transformation (JUJ) in (J21|) we again obtain quadratic quan- 
tum Hamiltonian 

H 6a (K, t) = \k T M e „ K + Nl K + F 0a , (22) 
where 2n x In matrix A4g a and 2n-dimensional vectors A/^, K are 

M °°=(b£ cZ)> *l=V%, k T = (k T ,f), (23) 

and where 

A 9a = A- 1 - BQ+ 1 - <S>B T -^ 609, D da = D+ l -QE, 

B etT = B + ^eC+^AX + ± 6B r S, E eo = E-^ED, (24) 

Ce* = C-^XB + ±B T X-±ZAX, F 6a = F. 

Note that for the nonsingular Hamiltonian H(p, x, t) and for sufficiently small 

9 a b the Hamiltonian Hg a (k, q,t) is also nonsingular. It is worth noting that 
Ag a and Dg a do not depend on a, as well as Cg a and Eg a do not depend on 
9. Classical analogue of (|2"2"|) maintains the same form. 
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From (JSJ) and (|22|) one can find connections between M.g a , Me a , F da 

and .M, M, F, which are given by the following relations: 



M 9 a = E 1 ME, Me, = E 1 M, F da = F (25) 



Using equations q a = ^|[— which give k = A g * (q — B Sr7 q — D 6cr ), we can pass 
from the classical form of Hamiltonian ({22} to the corresponding Lagrangian 
by relation L da (q, q, t) = k T q — H 9a (k, q, t). Note that coordinates q a and x a 
coincide when 9 = a = 0. Performing necessary computations we obtain 

LeaiQ, t) = \Q T M ea Q + Nl Q + fa, (26) 

where 

Me, = ( °% ^ ) , Nl = (61 , rjl) , Q T = (q T , q T ) . (27) 

V P9a Ida J 

Then the connections between M$ a , Ne a , 4>ea and M, N, <fi are given by the 
following relations: 

Me, = E Eg M E ij7 E i3 = T,(M) 5 T 3 -(jM fl(T ), 

i,i=i (28) 

Nea = Y(Mea) E T Y{M) N, <j> etT = Mj a Z(M 6 a) Mea - F . 

In more detail, the connection between coefficients of the Lagrangians Lg a 
and L is given by the relations: 

a da = [a- 1 - Ke/^oT 1 -oT x P&) - ± 6 (/3 T a" 1 /3 - 7) f 1 , 
Pg ff = a 0(T (a- 1 /3-i(a- 1 S-0 7 + e/5 T a- 1 /3) + ie/3 T «- 1 S), 

7e* = 'y + 0Z*atoPe,-lFa- 1 l3 + lEa- 1 E 

-i(EQ-V-^a _1 S), (29) 
Sea = a 0(J (a~ 1 5 + \ (6 r] - 6 (3 T a~ 1 5)) , 

Vea = V + PL °W ^a ~ I3 T Oi~ 1 5 - \ E OT 1 (5 , 
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Note that ag a , 5g a and <f>g a do not depend on a. 



Noncommutative Schrodinger equation and path integral. The 

corresponding Schrodinger equation in this NCQM is 



ih?^^ = Hg a (k,q,t) *{q,t), (30) 

where k a = —ih-^-, a = 1,2, ■■•,n and H 8a (k,q,t) is given by In- 
vestigations of dynamical evolution have been mainly performed using the 
Schrodinger equation and this aspect of NCQM is much more developed than 
the noncommutative Feynman path integral. For this reason and importance 
of the path integral method, we will give now also a description of this ap- 
proach. 

To compute a path integral, which is a basic instrument in Feynman's 
approach to quantum mechanics, one can start from its Hamiltonian formu- 
lation on the phase space. However, when Hamiltonian is a quadratic poly- 
nomial with respect to momentum k (see, e.g. j3j) such path integral on a 
phase space can be reduced to the Lagrangian path integral on configuration 
space. Hence, for the Hamiltonian (|2*2^) we have derived the corresponding 
Lagrangian (j2E|). 

The standard Feynman path integral lOj is 

K{x\ t"; x', t') = J exp f 1 jf L(q, q, t) dtj Vq , (31) 

where K,(x" , t" ; x' , t') is the kernel of the unitary evolution operator U(t) 
and x" = q(t"), x' = q(t') are end points. In ordinary quantum mechanics 
(OQM), Feynman's path integral for quadratic Lagrangians can be evaluated 
analytically and its exact expression has the form 



= _L^ det (__g_) exp (™ SI W,V) , (32) 

where S(x", t"; x', t') is the action for the classical trajectory. According to 
flU), © and (jHJ), NCQM related to the quantum phase space (p, x) can be 

regarded as an OQM on the standard phase space (k , q) and one can apply 
usual path integral formalism. 

A systematic path integral approach to NCQM with quadratic Lagrangians 
(Hamiltonians) has been investigated during the last few years in [3]- jH]. In 
[1] and [Sj, general connections between quadratic Lagrangians and Hamilto- 
nians for standard and 9 ^ 0, a = NC are established, and this formalism 
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was applied to a particle in the two-dimensional noncommutative plane with 
a constant field and to the noncommutative harmonic oscillator. Papers jB] - 
[Hj present generalization of articles [I] and (5] towards noncommutativity (0J). 
This formalism was illustrated by a charged particle in a noncommutative 
plane with electric and perpendicular magnetic field. 

If we know Lagrangian (|12|) and algebra (@J) we can obtain the corre- 
sponding effective Lagrangian (J26j) suitable for the path integral in NCQM. 
Exploiting the Euler-Lagrange equations 

dL ga d dL 8a 

17^^ = °' a = 1,2, ■ • • ,n, 

dq a dt dq a 

one can obtain the classical trajectory q a = q a {t) connecting end points 
x' = q(t') and x" = q{t"), and the corresponding action is 

t" 



S ea {x",f-x',i!) = [ L da (q,q,t)dt 
Jt' 



Path integral in NCQM is a direct analogue of (J52|) and its exact form ex- 
pressed through quadratic action So a ( X j t . X j ~fc ^ IS 



K^'.tW) = ^ Jdet (- Jj^) exp (^S,^,W)) .(33) 



3 Noncommutativity on £>-adic and 
adelic spaces 

We want to explore now some possible p-adic and adelic generalizations of 
the above noncommutativity on real phase space. Let us first recall some 
elementary properties of p-adic numbers and adeles. 

p-Adic numbers and adeles. When we are going to consider basic 
properties of p-adic numbers it is instructive to start with the field Q of 
rational numbers, which is the simplest field of numbers with characteristic 0. 
Q also contains all results of physical measurements. Any non-zero rational 
number can be expanded into two different ways of infinite series: 



±10 n ^a fc 10\ a fc G{0,l,2,---,9}, (34) 

k=0 
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p v J2 b *P k > he{0,l,---,p-l}, (35) 

k=0 

where p is a prime number, and n, v G Z. These expansions have the usual 
repetition of digits depending on rational number but different for ()34|) and 

The series (J3IJ) and (|33j) are convergent with respect to the usual absolute 
value | • |oo and p-adic norm (p-adic absolute value) | • \ p . Allowing all 
possibilities for digits, as well as for integers n and v, by and (|33|) 
one can represent any real and p-adic number, respectively. According to 
the Ostrowski theorem, the field M. of real numbers and the field Q p of p- 
adic numbers exhaust all possible completions of Q. Consequently Q is a 
dense subfield in K as well as in Q p . These local fields have many distinct 
geometric and algebraic properties. Geometry of p-adic numbers is the non- 
Archimedean (ultrametric) one. 

There are mainly two kinds of analysis on Q p , which are mathematically 
well developed and employed in applications. They are related to two dif- 
ferent mappings: Q p — > Q p and Q p — > C. Some elementary p-adic valued 
functions are defined by the same series as in the real case, but the region of 
convergence is rather different. For instance, exp p x = Yln=o converges in 
Qp if \x\ p < \2p\ p . Derivatives of p-adic valued functions are also defined as 
in the real case, but using p-adic norm instead of the absolute value. 

Very important usual complex- valued p-adic functions are: (i) an additive 
character 

X P {x) = exp 2iri{x} p , (36) 

where 

( p-n^dQ + cup^ ha^ip™' 1 ), m>l, , , 

iX|p ~\0, u>0, {6 ' } 

is the fractional part of x presented in the canonical form (|35|): (ii) a multi- 
plicative character 

n s {x) = \x\ s p , seC; (38) 

and [Hi) locally constant functions with compact support, whose simple ex- 
ample is 



^Hjo; \z>i: < 39 » 

An adele x is an infinite sequence 

X (^oo; %2i %3i 1 ') ) (^0) 

where x^ G IR and x p G Q p with the restriction that for all but a finite 
set V of primes p we have x p G Z p = {y G Q p : \y\ p < 1}. Addition 
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and multiplication of adeles is componentwise. The ring of all adeles can be 
presented as 



A = \jA(V), A(V)=Rx l[Q p x ]Jz 



(41) 




where Z p is the ring of p-adic integers. A is locally compact topological space 
with well defined Haar measure. There are mainly two kinds of analysis over 
A, which generalize those on R and Q p . 

On p-adic and adelic noncommutative analogs. Since 1987, p-adic 
numbers and adeles have been successfully employed in many topics of mod- 
ern mathematical physics (for a review, see e.g. [12J. In particular, p-adic 
and adelic string theory (as a review, see J3|), quantum mechanics (see [T3] 
as a recent review) and quantum cosmology (see ^5] as a recent review) have 
been investigated. For much more information on p-adic numbers, adeles and 
their analyses one can see ^H] and |17j . 

It is well known that combining quantum mechanics and relativity one 
concludes existence of a spatial uncertainty Ax which reads 



The uncertainty (J42|) may be regarded as a reason to consider simultaneously 
noncommutative and p-adic aspects of spatial coordinates at the Planck scale. 
Henceforth we are interesting here in p-adic analogs of the above noncom- 
mutativity considerations on real space. Adelic approach enables to treat 
real and all p-adic aspects of a quantum system simultaneously and as es- 
sential parts of a more complete description. Adelic quantum mechanics was 
formulated [THj and successfully applied to some simple and exactly solvable 
models. Here we consider also adelic approach to noncommutativity. 

Note that instead of (0) one can use an equivalent quantization based on 
relations {h = 1) 

Xoo{-a a X a ) Xoa(-PbPb) = Xoo (^aPb $ab) Xoo{-f3bPb) Xoo{-a a X a ), (43) 



where Xoo(^) = exp(— 2ttiu) is real additive character and (a, j3) is a point of 
classical phase space. 

Quantization of expressions which contain products of x% and pj is not 
unique. According to the Weyl quantization any function f(p, x), of classical 




(42) 



Xoo I, Q^a-^aJ Xoo\ C^b^b) Xoo I, O^b^b) Xoo( &a%a) 
Xoo(-f3aPa) Xoo(-PbPb) = Xoo(~ Pbfib) Xoc(-paPa), 



(44) 
(45) 
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It is significant that quantum mechanics on a real space can be general- 
ized to p-adic spaces for any prime number p. However there is not a unique 
way to perform generalization. As a result there are two main approaches: 
with complex- valued and p-adic valued elements of the Hilbert space on Q™. 

For approach with p-adic valued wave functions see ^H]- p-Adic quantum 
mechanics with complex-valued wave functions is more suitable for connec- 
tion with ordinary quantum mechanics, and in the sequel we will refer only 
to this kind of p-adic quantum mechanics (as a review, see |14j). 

Since wave functions are complex-valued, one cannot construct a direct 
analog of the Schrodinger equation. The Weyl approach to quantization is 
suitable in p-adic quantum mechanics (see e.g. [Q]). 

Let x and k be some operators of position x and momentum k, respec- 
tively. Let us define operators Xv( ax ) an d Xv(f3k) by formulas 

Xv(ax) Xv(ax) = Xv{olx) Xv(ax) = Xv({a + a)x) , (47) 

Xvifik) Xv(bk) = Xv(Pk) X v(bk) = Xt) ((6 + (3)) , (48) 

where index v denotes real (v = oo) and any p-adic case, v — oo, 2, • • • , p, ■ • 
taking into account all non-trivial and inequivalent valuations on Q. It is 
obvious that these operators also act on a function ip v (x) G L 2 (Q") , which 

has the Fourier transform ip(k), in the following way: 

Xv(-ax) 4>v(x) = Xv(-ax) J Xv(-kx) tp(k) d n k = Xv(-ax) if) v (x), (49) 

Xv(-Pk)ij v (x) = j ' x v (-(3k)x v {-kx)i)(k)d n k = ip v (x + (3), (50) 

where integration in p-adic case is with respect to the Haar measure dk with 
the properties: d(k + a) = dk, d(ak) = \a\ p dk and <x dk = 1. Now 

relations (|4*3~|l . (jUJ), (J4"5*j) can be straightforwardly generalized, including p- 
adic cases, by replacing formally index oo by v . Thus we have 

Xv(-<y a x a ) Xv(-l3bk b ) = Xv{®a/3b$ab) Xv(-l3bk b ) Xv(-ot a x a ), (51) 
Xv{-a a x a ) Xv{-otb%b) = Xv{-OibXb) Xv{-a a x a ), (52) 

Xv(-Paka) Xv(-Pbh) = Xv(-Pbh) Xv(-Paka)- (53) 

It is worth noting that equation (|5U|) suggests to introduce 

{^}y p (x) = j {^ Xp {-kx)^{k)d n k (54) 
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which may be regarded as a new kind of the p-adic pseudo differential operator 
(for Vladimirov's pseudodifferential operator, see ^2])- Also equation (J51|) 
suggests a p-adic analog of the Heisenberg algebra in the form 

J 0£ a X a 

X h )p\ h Jp X h Jp\ h J P 2tt ab X h i P ' 

where /i is the Planck constant. According to (|55|). p-adic noncommutativity 
depends on which is a rational number related to the size of phase 

space in units of h. When < ^ h - G Z then j j = and system is p-adically 
commutative. From (|3l)|) one can derive uncertainty relation [20 j 

A {—\ P A x—\ P -^{—\ P > (56) 



which is p-adic analog of the first inequality in (jSJ). 
Taking product of (|51|) over all valuations v we have 



Y[ Xv(-a a x a ) Xv(-(3bh) = Yl Xv(-Pbh) Xv(-a a x a ) , e Q , (57) 



/i 



since 



nx,KAU=i, ^eQ. (58) 

V 

It follows that in an adelic quantum system with the same rational value 
of in real and all p-adic counterparts one has commutativity between 

canonical operators x a and k a . 

p-Adic version of (J1J) can be obtained from (JHT|) - (|53|l by adding the cor- 
responding prefactors on the RHS. Adelic product will be again commutative 
for rational values of parameters a a , fib , ab and a a b- 

p-Adic and adelic path integrals have been investigated and for quadratic 
Lagrangians an analog of (J32*Jl was obtained with number field invariant form 
(see j3T] and references therein). For some other considerations of p-adic 
and adelic noncommutativity including the Moyal product in the context of 
scalar field theory one can see [22] and [28] . 
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4 Concluding remarks 



At the first glance one can conclude that the phase space transformation (jHJ) 
is not appropriate because it is not a canonical one. However this transfor- 
mation should not be the canonical one since initial problem is given not 
only by Hamiltonian (JT%j) but also with relations (@J). Using transforma- 
tions ©, Hamiltonian (fT^j) with commutation relations (@J) is equivalent to 
Hamiltonian (|2*2"|) with conventional relations (0). 

Let us mention that taking a = 0, 9 = in the above formulas we recover 
expressions for the Lagrangian L(X, t), classical action S(x", T; x', 0) and 
probability amplitude )C(x" , T; x\ 0) of the ordinary commutative case. 

A similar path integral approach with a = has been considered in 
the context of the Aharonov-Bohm effect, the Casimir effect, a quantum 
system in a rotating frame, and the Hall effect (references on these and some 
other related subjects can be found in [1| - JSJ). Our investigation contains all 
quantum-mechanical systems with quadratic Hamiltonians (j2"Tj) (Lagrangians 
(H2J)) on noncommutative phase space given by relations (JH). 
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